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Abstract 

Starting with the data of a curve of singularity types, we use the Legendre 
transform to construct weak geodesic rays in the space of locally bounded metrics 
on an ample line bundle L over a compact manifold. Using this we associate weak 
geodesies to suitable filtrations of the algebra of sections of L. In particular this 
works for the natural filtration coming from an algebraic test configuration, and we 
show how in this case we recover the weak geodesic ray of Phong-Sturm. 



1 Introduction 

Let H(L) be the space of smooth strictly positive hermitian metrics on an ample line 
bundle L over a compact manifold X. Then, by the work of Mabuchi, Semmes and 
Donaldson (see 1251 . l34l . |fl9l ), H(L) has the structure of an infinite dimensional 
symmetric space with a canonical Riemannian metric. Thus a natural way to study 
this space is through its geodesies, an approach that has been taken up by a number 
of authors (e.g. Chen-Tian, Donaldson, Phong-Sturm, Mabuchi and Semmes among 
others). 

In this paper we give a general method for constructing weak geodesies in the space 
of locally bounded positive metrics on L. The initial data consists of a fixed smooth 
positive metric <f> and a curve of singular positive metrics ip\ on L for A G R that is 
concave in A. We are really only interested in the singularity type of ip\, so we consider 
the equivalence class of tp\ under the relation ip\ ~ ip' x if 4>\ — is bounded globally 
on X. We define the maximal envelope of this data to be 

4>x '■= sup{^ : tjj < <fi and ip ~ 

where the supremum is over positive metrics ip with the same singularity type as ip\, 
and the star denotes the operation of taking the upper-semicontinuous regularization. 

Theorem 1.1. Suppose ip\ is a test curve (as defined in (15. Il l) and (p € Ti(L), and 
consider the Legendre transform of its maximal envelope cp\ given by 

<j> t := sup{0 A + At}* for t e [0, oo). 

A 

Then <j) t is a weak geodesic ray in the space of locally bounded positive metrics on L 
that emanates from <j). 
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We recall what is meant by a weak geodesic. Let A :— {e a < \z\ < e b } be 
an annulus and let ir be the projection X x A — > X. Given a curve <f>t a < t < 
b, of positive metrics, consider the metric &(x,w) := (f>\ og \w\( x ) on 7r *(^)- Then a 
simple calculation reveals that if the (\> t are smooth then the geodesic equation for <j> t is 
equivalent to the degenerate homogeneous Monge-Ampere equation 

O" +1 =0 onXxA, (1) 

where ft = tt*luo + dd c Q and wo is the curvature of the initial metric. A curve of 
locally bounded positive metrics is said to be a weak geodesic if it solves (JTJ in sense 
of currents. 

The first step in our approach to Theorem 1 1.1 1 is showing that the Monge-Ampere 
measure of the maximal envelope <f>\ has the crucial property 

MA(ct> x ) = l Ux=4>} MA{4> x ) for all A, (2) 

where I5 denotes the characteristic function of a set S. We say that a positive metric 
<j>\ bounded by <f> and having property (f2|l is maximal with respect to <f> (see Definition 
14.5k and a test curve (j>\ where <fi\ is maximal with respect to <p for all A is referred 
to as a maximal test curve. We show that the Aubin-Mabuchi energy of the Legendre 
transform of a maximal test curve is linear in t, which is well known to be equivalent 
to <[TJ once it is established the curve is a subgeodesic. 

A now standard conjecture, originally due to Yau, states that for a smooth projec- 
tive manifold it should be possible to detect the existence of a constant scalar curva- 
ture Kahler metric algebraically. Through ideas developed by many authors (e.g. Chen, 
Donaldson, Mabuchi, Tian) a general picture has emerged in which such metrics appear 
as critical points of certain energy functionals that are convex along smooth geodesies. 
The input from algebraic geometry arises through Donaldson's notion of a test con- 
figuration which, roughly speaking, is a one-parameter algebraic degeneration of our 
original projective manifold. 

In a series of papers Phong-Sturm show how one can naturally associate a weak 
geodesic ray to a test configuration [ 26 27 29 ] . (See also (TJ by Arezzo-Tian, lfl2l [131 
by Chen, ifTSI by Chen-Tang and ifPfll by Chen-Sun for other constructions of geodesic 
rays related to test configurations.) We show how the geodesic constructed above can 
be viewed as a generalization of the geodesic of Phong-Sturm. 

Generalizing slightly, suppose that Fk.x, for k G N, A G IR is a multiplicative 
filtration of the graded algebra (BkH°(X, kL). Using our underlying smooth positive 
metric <f> we have an L 2 -inner product on each H°(X, kL), and thus can consider the 
associated Bergman metric 

a 

where {s a } is an orthonormal basis for Tk,\k C H®(X, kL). 
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Theorem 1.2. Suppose that J-k,\ is left continuous and decreasing in A and bounded 
(see ( 17.2b ). Then there is a well-defined limit 

(t>x = ( lim 4>k,x)*- 

k—>oo 

Furthermore this limit is maximal except possibly for one critical value of A, and its 
Legendre transform is a weak geodesic ray. 

In particular this applies to a natural filtration associated to a test configuration, and 
thus we have associated a weak geodesic to any such test configuration. We prove that, 
in this case, we recover the construction of Phong-Sturm, thus reproving the main re- 
sult of [27 1 . Hence one interpretation of Theorem ll.ll is that in the problem of finding 
weak geodesies, the algebraic data of a test configuration can be replaced with a curve 
of singularity types which we thus refer to as an analytic test configuration. 

It should be stressed that in the problem of finding constant scalar curvature metrics 
it is important to have control of the regularity of geodesies under consideration. By 
using approximations to known regularity results of solutions of Monge-Ampere equa- 
tions, Phong-Sturm prove that their weak geodesic is in fact C 1,a for < a < 1 (see 
11291 ). It is interesting to ask whether such regularity holds more generally, which is a 
topic we hope to address in a future work. The Legendre transform approach also has 
applications to the Cauchy problem for the homogeneous Monge-Ampere equation, 
see 11331 . 

Organization: We start in Section|2]with some motivation from convex analysis, and 
Section [3] contains preliminary material on the space of singular metrics, the Monge- 
Ampere measure and the Aubin-Mabuchi functional. The real work starts in Section 
2] where we consider the maximal envelopes associated to a given singularity type. 
Along the way we prove a generalization of a theorem of Bedford-Taylor which says 
that such envelopes are maximal (Theorem |4.9t . This is then extended to the case of 
a test curve of singularities, and in Section |6] we discuss the Legendre transform and 
prove Theorem ll.il 

Following these analytic results, we move on to the algebraic picture. In Section 
|7]we associate a test curve to a suitable filtration of the coordinate ring of (X, L), and 
prove Theorem ll.2l We then recall how such filtrations arise from test configurations, 
and in Section|9]show how this agrees with the construction of Phong and Sturm. 

Acknowledgments: We would like to thank Robert Berman, Bo Berndtsson, Sebastian 
Boucksom, Yanir Rubenstien, Richard Thomas for helpful discussions. We also thank 
Dano Kim for pointing out a mistake in a previous version of this paper. The first 
author is supported in part by a Marie Curie Grant (PIRG-GA-2008-230920). 

2 Convex motivation 

This section contains some motivation from convex analysis in the study of the ho- 
mogeneous Monge-Ampere equation. Much of this material is standard; our main 
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references are the two papers BP and IT321 by Rubinstein-Zelditch. Although this is 
logically independent of the rest of the paper, the techniques used are very similar. 
We shall presently see how solutions to this equation can be found using the Legendre 
transform in two different, but ultimately equivalent, ways. 

Let Conv (R" ) denote the space of convex functions on R™ . We take the convention 
that the function identically equal to — oo is in Conv(R"). 

Definition 2.1. Let 4> be a C 2 convex function on an open subset of W 1 . The (real) 
Monge-Ampere measure of <fi, denoted by M A(<p), is the Borel measure defined as 

MA(<f>) := d^- A ... A d- 



dx\ dx 



Tt + l 



Furthermore MA has an unique extension to a continuous operator on the cone of 
(finite-valued) convex functions (see l32l for references). If <fi is C 2 then 



MA((j)) = det(V 2 <p)dx = (V<f>)*dx, (3) 

i.e. the Monge-Ampere measure is the pullback of the Lebesgue measure under the 
gradient map. 

If 4> 6 Conv(M"), let A^ denote the set of subgradients of <fi, i.e. the set of points 
y in R" such that the convex function <\> — x ■ y is bounded from below. So, if </> is 
differentiable, then is simply the image of V0. One can easily check that A^ is 
convex, that if r > then A r< ^ = A^ and A^+^j C A^ + A^ . 

When 4> is C 2 it follows from equation (01 that the total mass of the Monge-Ampere 
measure M A{4>) equals the Lebesgue volume of the set of gradients A^. An important 
fact (32 1 is that this is true for all convex function R n with linear growth, i.e. 

f MA((f) = vol(At). (4) 

We say two convex functions and ip are equivalent if \<f> — if>\ is bounded, and 
denote this by <j) ~ i>- Since for two equivalent convex functions <fi and tjj with linear 
growth we clearly have that 

A^ = A^, 

it follows from (|4|i that 

/ MA(4>)= / MA(tp) whenever <j> ~ tp. 

Definition 2.2. Let <\> e Conv(R") and let be a bounded continuous function on 
M™. A curve <\> t in Conv(R"), t G [a, b], is said to solve the Cauchy problem for the 
homogeneous real Monge-Ampere equation, abbreviated as HRMA, with initial data 
(0,0), if the function t) := (f>t(x) is convex on R" x [a, b], and satisfies the 
equation 

MA($) =0 on the strip R" x (a, b), 
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with initial data 

00 = 0, ^7 </>t = </>• 

OV |t=Q+ 

Let </>q and 0i be two equivalent convex functions with linear growth, and </> t be the 
affine curve between them. The energy of </>i relative to 0o, denoted by £{<j>i, 4>o) is 
defined as ^ 

£(0i,0o) := / ( I (<f>i - <f> )MA((f> t )) dt. 
Jt=o \Jn n / 

We observe that by the linear growth assumption it follows that the relative energy 

£(</>i, 4>o ) is finite. This energy has a cocycle property, namely if 0o, 4>i and 02 are 

equivalent with finite energy then 

£((f>2,(f>o) = £{4>2,4>i) +£((f>i,<t>o), 

which is easily seen to be equivalent to the fact that 

The energy along a smooth curve of convex functions with linear growth <p t is related 
to the Monge- Ampere measure of $>(x, t) := <f>t(x) by the identity 

MA{$) = — S^t,^) - - £(4> u ct> a ). (5) 

•»x[o,6] Ot\t=b Ot\t=a 

Thus a smooth curve <p t of equivalent convex functions of linear growth solves the 
HRMA equation if and only if $ is convex and the energy £(4>t, 4>a) is linear in t. 



As is noted in 1 3 1 1 the Cauchy problem is not always solvable. Nevertheless there is 
a standard way to produce solutions <fi t to the homogeneous Monge- Ampere equation 
with given starting point 4>q = (f> and t 6 [0, oo) using the Legendre transform. We 
give a brief account of this. 

For simplicity assume from now on that (f> is differentiable and strictly convex. 
Recall that the Legendre transform of <fi, denoted by (jf , is the function on defined 
as 

4>*(y) ■= sup{x • y - (j>(x)} 

X 

(which we can also think of as being defined on the whole of W 1 , by being +oo outside 
of A^,). Since (jf is defined as the supremum of the linear functions x ■ y — <p(x), it 
is convex. In fact, one can show that <j> being differentiable and strictly convex implies 
that <f>* is also differentiable and strictly convex. 

For a given y £ A^, the function x ■ y — <f>(x) is strictly concave, and is maximized 
at the point where the gradient is zero. Thus we get that 

4>*{y) — x ■ y — <j)(x) where W<j){x) = y, (6) 



and hence 



V(f>*(y) — x where V<f>(x) = y. 
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The Legendre transform is an involution. For using the above formula for <fi** we 
deduce that V(j>** (x) = y, for x such that V0* (y) = x which holds when V(f)(x) = y, 
i.e. 

V0**(x) = V(f>{x). 
lfV<fi(x) — y, then <fi*(y) = x ■ y — <fi(x), therefore 

4>**{x) = x ■ y - 4>*{y) = x ■ y - (x ■ y - <p(x)) = <p(x), 

and hence </>** = (j). 

Lemma 2.3. If (f>t is a curve of convex functions, then for any point y S A^ t , 
where x is the point such that \J<j)(x) — y. 

Proof. Let xt be the solution to the equation V4>t(xt) = V- By the implicit function 
theorem x t varies smoothly with t. By equation (|6]l we know 

d d d d 

01$ (v) = ol( x t ■ y - 4>t{x)) = —(x t -y- (j)(x)) - -^(x). 

Since x t -y — 4>(x) is maximized at x — xq the derivative of that part vanishes at t = 0, 
so we get the lemma for t — 0, and similarly for all t. □ 

This leads us to the following formula relating the energy with the Legendre trans- 
form, 

Lemma 2.4. We have that 

£(ct>u<f>)= [ (<f>* - 4>t)dy. (7) 

Proof. We noted above that the derivative with respect to t of the left-hand side of 
is equal to 



Of 

On the other hand, differentiating the right-hand side yields 



[ ^-(t>t(V<t> t )*dy = [ 4- 



<kMA{(j> t ), 



where we used Lemma |231 and the fact that (V(f>t)*dy — MA(<f> t ). Since both sides 
of the equation (O is zero when <j) t = <p and the derivatives coincide, we get that they 
must be equal for alH. □ 
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Now fix a smooth bounded strictly concave function u on and let 

4> t := (4>* -tu)*. 
By the involution property of the Legendre transform {tfit)* = <f>* — tu. 
Proposition 2.5. The curve 4>t,t£ [0, oo) solves the HRMA equation. 

To see this note that from © it follows that 

£{M)= I W-$)dV=l (<t>*-<f>*+tu)dy = t [ udy, 

which is linear in t. The convexity of $(t, x) — <fit(x) can of course be shown directly, 
but it also follows from another characterization of <f>t that also involves a Legendre 
transform, but in the i-coordinate instead of in the ^-coordinates which we now dis- 
cuss. 

Let A\ be the subset of where u is greater than or equal to A and let 4>\ be 
defined as 

<p x := sup{V> <<f>:ipe Conv(M"), C A x }. 
Lemma 2.6. The curve of functions <f)\ is concave in A and 
{4>x = 0} = {x : V0(aO G A x }. 

Proof. Let < be such that A^, i C A\ t with i = 1,2. Let < t < 1. From our 
discussion above it follows that tipi + (1 — t)ip2 < 4> and 

A tv , 1+(1 _ t)v , 2 C iA V;i + (1 - i)A^ 2 C &4 Al + (1 - t)A\ 2 C A ai+(1 _ t)A2 , 

where the last inclusion follows from the fact that u was assumed to be concave. For 
the second statement, it is easy to see that in fact <f>\ is equal to the supremum of affine 
functions x ■ y + C bounded by tj> and y lying in A\ . □ 

Definition 2.7. For t > let <j> t be defined as 

4> t ■= sup{(f>\ +t\}. 

A 

Since for each A the function (x, t) h-> <fi\(x) + 1\ is convex in all its variables, and 
the supremum of convex functions is convex, we get $(x, t) := 4>t(x) is convex. 

Proposition 2.8. We have that <f> t — 4>t- I n particular this proves that <£> is convex, 
thereby proving <p t solves the HRMA equation (Proposition \2.5\ . 

Proof. We claim 

^-Mx)=u(VMx)). (8) 
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To see this first consider the right-derivative at t = 0. As we noted above, the gradient 
of a Legendre transform is the point where the maximum is attained, thus in this case 

d - 

— (f>t{x) = sup{A : 4> x {x) = (j)(x)}. 

ot t=0 + 

By the second statement in Lemma 12.61 it follows that this supremum is equal to 
u(V(f)(x)), and we are done for t = 0. On the other hand it is easy to see that 

<?ti+* 2 = i>t 3 , 

with ip '■= <j>ti ■ Using this we get that the equation ^ holds for all t. Thus by Lemma 
I2.3l the Legendre transform of <f> t is equal to <f> — tu, so by the involution property of 
the Legendre transform <fi t coincides with <j). □ 

Now the above discussion can be applied as follows. Let ip\ be a concave curve in 
Conv(R ra ), with — tj>\ bounded for A < — C and ip\ = — oo for A > C for some 
constant C. We call such a curve a test curve. Define 4>\ as 

(j)x := sup{V> : ip < <p,ip < ip\ + o(l), ip G Conv(R")}. 

Let also u be the function on defined by 

u(y) := sup{A : y E A^, A }. 

Since ip\ was assumed to be concave it follows that u is concave, and in fact we get 
that 

4>x = supj> < 4> : tp e Conv(R"), C {u > A}}. 

From Proposition 12.81 <f> t solves the homogeneous real Monge-Ampere equation. 
Thus in order to get solutions to the HRMA, instead of starting with a concave function 
u on A^ we can just as well start with a test curve In the subsequent sections we 
will show how this construction carries over in the context of positive metrics on line 
bundles. 



3 Preliminary Material 

We collect here some preliminary material on the space of positive metrics, the (non 
pluripolar) Monge-Ampere measure and the Aubin-Mabuchi energy functional. Most 
of this material is standard, and we give proofs only for those results for which we did 
not find a convenient reference. 

3.1 The space of positive singular metrics 

Let X be a compact Kahler manifold of complex dimension n, and let L be an ample 
line bundle on X. A continuous (or smooth) hermitian metric h = on L is a 
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continuous (or smooth) choice of scalar product on the complex line L p at each point 
p on the manifold. If / is a local holomorphic frame for L on Uf, then one writes 

\f\l = h f = e-+f, 

where (f>f is a continuous (or smooth) function on Uf . We will use the convention to let 
<p denote the metric h — , thus if is a metric on L, k<p is a metric on kL := L® k . 

The curvature of a smooth metric is given by dd c <fi which is the (1, l)-form locally 
defined as dd c <pf, where / is any local holomorphic frame. Here d c is short-hand for 
the differential operator 

so dd c — ij ndd. A classic fact is that the curvature form dd c (f> of a smooth metric </> is 
a representative for the first Chern class of L, denoted by c\{L). The metric <f> is said 
to be strictly positive if the curvature dd c (p is strictly positive as a (1, l)-form, i.e. if 
for any local holomorphic frame /, the function 0/ is strictly plurisubharmonic. We 
let H(L) denote the space of smooth strictly positive (i.e. locally strictly plurisubhar- 
monic) metrics on L, which is non-empty since we assumed that L was ample. 

A positive singular metric ip is a metric that can be written as ip := <p + u, where 
4> is a smooth metric and u is a dd c (p-psh function, i.e. u is upper semicontinuous and 
dd c ip := dd c (j> + dd c u is a positive (1, l)-current. For convenience we also allow 
u = — oo. We let PSH(L) denote the space of positive singular metrics on L. 

As an important example, if {si} is a finite collection of holomorphic sections of 
kL, we get a positive metric ip := x ln(X] l s i| 2 ) which is defined by letting for any 
local frame /, 

■ (EN 2 ) 1/fc ' 

We note that PSH(L) is a convex set, since any convex combination of positive 
metrics yields a positive metric. Another important fact is that the upper semicontinu- 
ous regularization of the supremum sup{V>i : i £ /}, denoted by (sup{^i : i £ I})*, 
where ipi £ PSH(L) for all i £ I, lie in PSH(L), as long as all tpi are bounded from 
above by some fixed positive metric. If ip lie in PSH(L), then all its translates ip + c 
lies in PSH(L), where c is any real number. For any ip £ PSH(L), dd c i/j is a closed 
positive (1, l)-current, and from the dd c lemma it follows that any closed positive cur- 
rent cohomologous with dd c tp can be written as dd c <fi for some <fi in PSH(L). By the 
maximum principle this <fr is uniquely determined up to translation. 

If there exists a constant C such that ip < <fi + C, we say that ip is more singular 
than (p, and we will write this as 

ipy<f>. 

If both ip h <fi an d 4> h ip we say that ip and <p are equivalent, which we write as ip ~ <p. 
Following [10] an equivalence class [ip] is called a singularity type, and we introduce 
the notation Sing(L) for the set of singularity types. If ip is equivalent to an element 
in H(L) we say that ip is locally bounded. 

The singularity locus of a positive metric ip is the set where ip is minus infinity, i.e. 
the set where ipf = —oo when / is a local frame. The unbounded locus of ip is the 
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set where ip is not locally bounded. Recall that a set is said to be complete pluripolar 
if it is locally the singularity locus of a plurisubharmonic function. In [ 1 1 BEGZ 
(Boucksom-Eyssidieux-Guedj-Zeriahi) give the following definition. 

Definition 3.1. A positive metric ip is said to have small unbounded locus if its un- 
bounded locus is contained in a closed complete pluripolar subset of X. 

We note that metrics of the form x m E l s i| 2 ) have small unbounded locus, since 
they are locally bounded away from the algebraic set Uj{si = 0} which is a closed 
pluripolar set. 

3.2 Regularization of positive singular metrics 

If / is a plurisubharmonic function on an open subset U of C™, using convolution we 
can write / as the limit of a decreasing sequence of smooth plurisubharmonic functions 
on any relatively compact subset of U. 

If tp is a positive singular metric, we can use a partition of unity with respect to 
some open cover Uf i to patch together the smooth decreasing approximations of ipf t ■ 
Thus any positive singular metric can be written as the pointwise limit of a decreas- 
ing sequence of smooth metrics, but of course because of the patching these smooth 
approximations will in general not be positive. 

A fundamental result due to Demailly [ 17 1 is that any positive singular metric can 
be approximated by metrics of the form fc _1 ln(^- Si| 2 ), where Sj are sections of kL. 
Let I(ip) denote the multiplier ideal sheaf of germs of holomorphic functions locally 
integrable against e^fdV, where / is a local frame for L and dV is an arbitrary volume 
form. We get a scalar product (., .)k^ on the space H°(kL <g) X(kip)) by letting 



Theorem 3.2. The sequence of metrics ip^ converge pointwise to ip as k tends to infin- 
ity, and there exists a constant C such that for large k, 



As a reference see [18], but the results of Demailly are in fact much stronger than 
that stated here, and hold in greater generality [ 17 1. When ip is assumed to be smooth 
and strictly positive, by a celebrated result by Bouche-Catlin-Tian-Zelditch ll8l 1 1 1 1 [36l 
|40l on Bergman kernel asymptotics we have that ipf. in fact converges to rp in any C rn 
norm. 

Using a variation of this construction Guedj-Zeriahi prove in ll22l that any positive 
singular metric on an ample line bundle is the pointwise limit of a decreasing sequence 
of smooth positive metrics. 




Let {si} be an orthonormal basis for H°(kL (g) I(kip)) and set 



ip < ipk + -r- 
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3.3 Monge-Ampere measures 

Let ijji, 1 < i < n, be an n-tuple of positive metrics, so for each i, dd c ipi is a positive 
(1, l)-current. If all ipi are smooth one can consider the wedge product 



which is a positive measure on X. The fundamental work of Bedford-Taylor shows that 
one can still take the wedge product of positive currents dd c ipi to get a positive measure 
as long as the metrics ipi are all locally bounded. The Monge-Ampere measure of a 
locally bounded positive metric rp, is then defined as the positive measure 



This measure does not put any mass on pluripolar sets (i.e. sets that are locally con- 
tained in the unbounded locus of a local plurisubharmonic function). We recall the 
following important continuity property, proved in |2|. 

Theorem 3.3 (Bedford-Taylor). If ijji,k, 1 < i < n + 2, fc G N, are sequences of 
locally bounded positive metrics such that each ipi^ decreases to a locally bounded 
positive metric tpi, then the signed measures (ipi^k — '02.fe)rfrf c '03.fe A ... A dd c ip n +2,k 
converge weakly to (ipi — fa { )dd c 'il'3 A ... A dd c ip n +2- If each sequence of locally 
bounded positive metrics ip^k instead increase pointwise a.e. to a positive metric fa, 
then again the measures (ipi,k — V'2,fe)^ c ' ! /'3,fe A ... A dd c ip n+ 2,k converge weakly to 
(ipi ~ ip2)dd c ip 3 A ... A dd c ijj n+2 . 

Since the curvature form dd c (j> of any smooth metric is a representative of Ci(L), 
we see that if fa is any n-tuple of smooth metrics then 



which is just a topological invariant of L. Since any positive metric can be approxi- 
mated from above in the manner of Theorem l3.3l bv positive metrics that are smooth, 
we see that dTob still holds if the fa are merely assumed to be locally bounded instead 
of smooth. 

Recall that a plurisubharmonic function is, by definition, upper semicontinuous, so 
if ip is a positive metric then for each local frame / the function ip t is upper semicon- 
tinuous. The plurifine topology is defined as the coarsest topology in which all local 
plurisubharmonic functions are continuous; a basis for this topology is given by sets 
of the form A f) {u > 0}, where A is open in the standard topology and u is a lo- 
cal plurisubharmonic function. This topology has the quasi-Lindelof property [3] Thm 
2.7], meaning that an arbitrary union of plurifine open sets differs from a countable 
subunion by at most a pluripolar set. Any basis set A n {u > 0} is Borel, so it fol- 
lows from the quasi-Lindelof property that the plurifine open (and closed) sets lie in 
the completion of the Borel c-algebra with respect to any Monge-Ampere measure [3 , 
Prop 3.1]. 



dd c i{; 1 A ...Add c fa 



(9) 



MA{%j)) := (dd c t{j) n . 
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Definition 3.4. A function / is said to be quasi-continuous on a set £1 if for every e > 
there exists an open set U with capacity less than e so that / is continuous on O \ U. 

We refer to j2| for the definition of capacity. By [3 Thm 4.9] plurisubharmonic 
functions are quasi-continuous. 

If fk is a sequence of non-negative continuous functions increasing to the character- 
istic function of an open set A then the characteristic function of a basis set Ap\{u > 0} 
is the increasing limit of the non-negative quasi-continuous functions 

fc/fc(max{u, 0} — max{u — 1/fc, 0}). 

From this fact and the quasi-Lindelof property it follows that the characteristic func- 
tion of any plurifine open set differs from an increasing limit of non-negative quasi- 
continuous functions at most on a pluripolar set. 

A fundamental property of the Bedford-Taylor product is that it is local in the plu- 
rifine topology, so if ipi — ip[ for all i on some plurifine open set O then 

l dd c i)i A ... A dd c ip n = l dd c i/j[ A ... A dd c i)' n , 

where 1q denotes the characteristic function of O. We also have that the convergence 
in Theorem l3.3l is local in this topology [3, Thm 3.2], i.e. we get convergence when 
testing against bounded quasi-continuous functions. 

Lemma 3.5. Let ip^ be a sequence of locally bounded positive metrics that decreases 
pointwise (or increases a.e.) to a locally bounded positive metric if), and let O be a 
plurifine open set. Then we have that 

l MA(tp) < liminf l MA(ip k ), 

k— >oo 

where the lim inf is to be understood in the weak sense, i.e. when testing against non- 
negative continuous functions. 

Proof. Let it, be a sequence of quasi-continuous functions increasing to lo except 
on a pluripolar set. Let / be a non-negative continuous function. Since UiM A(ipk) 
converges weakly to UiMA(ip), and MA(ipk) does not put any mass on a pluripolar 
set, we get that 

/ f Ul MA(^) = lim / fmMA^k) < liminf / fMAfa). (11) 

JX k^ooJx fc^oo Jq 

Now Ui increases to the characteristic function of O except possibly on a pluripolar set, 
so letting i tend to infinity in ( TTTb yields that 

/ fMA(tp) < liminf f fMA{ijj k ). 
Jo k ^°° Jo 

□ 
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For singular 0,; there is a (non pluripolar) product constructed by Boucksom-Eyssi- 
dieux-Guedj-Zeriahi [ 10|, building on a local construction due to Bedford-Taylor Q. 
Fix a locally bounded metric cj), and consider the auxiliary metrics := max{^, </>— 
k} for fc G N, and the sets Ok ■— f)i{ipi > 4> ~ The non-pluripolar product of the 
currents dd c ip i , here denoted by dd c ip 1 A ... A dd c ip n is defined as the limit 

dd c ipx A ... A dd c i\) n := lim \o k dd c ip\.k A ... A dd c ipn,k- 

Since we are assuming that X is compact this limit is well defined [10, Prop. 1.6]. 
The (non-pluripolar) Monge-Ampere measure of a positive metric is ip is defined as 
MA(ip) := (dd c ip) n . Essentially by construction, the non-pluripolar product is local 
in the plurifine topology [10 Prop. 1.4], and is multilinear [10, Prop 4.4]. 
Clearly from the definition and ([Toi l, for any n-tuple of positive metrics ipi , 

[ dd c ipi A ... A dd c i]) n < [ ci(L) T \ 
Jx Jx 

however the inequality may well be strict. 

Combining Lemma 13.51 with the fact that the Monge-Ampere measure is local in 
the plurifine topology yields the following continuity result. 

Lemma 3.6. Let ipk be a sequence of positive metrics decreasing to a positive metric 
ip, and let <j) be some locally bounded positive metric. If O is a plurifine open set 
contained in {if> > <f) — C} for some constant C then 

1 MA(V>) < liminf l MA(ip k ), (12) 

k— >oo 

where again the lim inf is to be understood in the weak sense. Ifipk instead is increas- 
ing a.e. to ip, and O is a plurifine open set contained in {ipj > <j) — C} for some natural 
number j and some constant C then once again 

1 MA(i/j) < liminf 1 M4(^). 

k— >OG 

Proof. First assume that ipk is decreasing to t/j. Let tp' k := ma.x{ipk, 4> — C} and ip' :— 
max{V>, 4> ~ C}. From Lemma U31 it follows that 

l MA(y/) < liminf l MA(ip' k ), 

k~ >oo 

and since by assumption tp' = i/j and ip' k — ipk on O the lemma follows from the 
locality of the non-pluripolar product. The case where tph is increasing a.e. follows by 
the same reasoning. □ 

In ifTUl Thm 1.16] BEGZ prove the following monotonicity property of the non- 
pluripolar product when restricted to metrics with small unbounded locus. 

Theorem 3.7. Let tpi^i be two n-tuples of positive metrics with small unbounded 
locus, and suppose that for all i, tpi is more singular than ipt . Then 

/ dd e ipi A ... A dd c ip n < / dd c tp[ A ... A dd c ip' n . 
Jx Jx 
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BEGZ also prove a comparison principle for metrics with small unbounded locus 
iflOl Cor 2.3] and a domination principle ifTUl Cor 2.5]. When combined with the 
comparison principle, the proof of the domination principle in [ 1 1 in fact yields a 
slightly stronger version: 

Theorem 3.8. Let 4> be a positive metric with small unbounded locus and suppose that 
there exists a positive metric p, more singular than <j), with small unbounded locus and 
such that MA(p) dominates a volume form. If is a positive metric more singular 
than <p and such that ip < <fi a.e. with respect to MA(<f>), then it follows that -0 < (j> on 
the whole of X. 

3.4 The Aubin-Mabuchi Energy 

The Aubin-Mabuchi energy bifunctional maps any pair of equivalent positive metrics 
ipi and ip2 to the number 



Jx 

The Aubin-Mabuchi energy restricted to the class of locally bounded metrics has a 
cocycle property (see, for example, [6, Cor 4.2]), namely if (f>o, 01 an d <t>2 are locally 
bounded equivalent metrics then 



In fact the proof in [6] of the cocycle property extends to the case where the equiv- 
alent metrics are only assumed to have small unbounded locus, since the integration- 
by-parts formula of [ 1 1 used in the proof holds in that case. 

This leads to an important monotonicity property. If ipo, ipi and ip>2 are equivalent 
with small unbounded locus, and ipo > ipi, then 



since £(ipo, V^) = £(0o> tpi) + £(^1, ^2), and £{ipo, V'l) > as it is the integral of 
the positive function ipo — ipi against a positive measure. 

We also record the following lemma, which comes from the locality of the non- 
pluripolar product in the plurifine topology. 

Lemma 3.9. Let ipi ~ ^2 be such that ipi > ip2- Let ip[ and ip' 2 be two other metrics 
such that %l>'i ~ ip' 2 an d assume that = V4} = {"01 = 02 } and that t/4 = ip\ and 
ip 2 = 1P2 on the set where ipi > ip 2 ■ Then 




Observe 




£{<j>0,4>2) = £{<t>0,<t>l) + £(01,02)- 
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Following Phong-Sturm in l26l we can relate weak geodesies to the energy func- 
tional. Let A := {e a < \z\ < e b } be an annulus and let tt denote the standard 
projection from X x A to X. A curve of metrics <p t of L, a < t < b, can be identified 
with the rotation invariant metric on ir*L whose restriction to X x {w} equals </>i n . 

Definition 3.10. A curve of positive metrics (fit, a < t < b, is said to be a weak 
subgeodesic if there exists a locally bounded positive metric <£> on ir*L that is rotation 
invariant and whose restriction to X x {w} equals <fii n \ w \. A curve <fi t is said to be 
a weak geodesic if it is a weak subgeodesic and furthermore <£> solves the HCMA 
equation, i.e. 

M4($) = 

onX x A . 

As in the convex setting © there is a formula J7] 6.3] relating the Aubin-Mabuchi 
energy of a locally bounded subgeodesic <fi t with the Monge-Ampere measure of 
namely 

dd?£(^ J o )=7r.(M^(*)) 1 (13) 

where 7T* (MA($)) denotes the push-forward of the measure M A(Q) with respect to 
the projection tt. From this we immediately get the following lemma. 

Lemma 3.11. A curve (fit of locally bounded positive metrics is a weak geodesic if and 
only if it is a subgeodesic and the Aubin-Mabuchi energy £(4>t, <fia) is linear in t. 

4 Envelopes and maximal metrics 

In studying, for example, the Dirichlet problem for the HCMA equation, it is often 
possible to give a solution as an envelope in some space of plurisubharmonic functions 
(or positive metrics). Such envelopes will be crucial in our setting as well. 

Definition 4.1. If <fi is a continuous metric, not necessarily positive, let P<fi denote the 
envelope 

P(fi := supjV' < (fi, 4> S PSH{L)}. 

Since <fi is assumed to be continuous it follows that (P<fi)* < <fi, thus P<fi — (P<fi)* , so 
P<fi € PSH(L). 

The next theorem is essentially just a reformulation of a local result of Bedford- 
Taylor [2, Corollary 9.2] in our global setting. It follows as a special case of (6] Prop 
1.10] (letting K = X). 

Theorem 4.2. If (fi is a continuous metric then Pcfi — <f> a.e. with respect to MA{P<fi). 

Recall that if A is a closed set and fi is a Borel measure we say that /i is said to 
be concentrated on A if — /i, or equivalently n(A c ) = 0. Thus another way of 
formulating Theorem 14. 21 is to say that MA(P<fi) is concentrated on {P<fi = <fi}. We 
now extend this result to more general envelopes that arise from the additional data of 
singularity type. 
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Definition 4.3. Given a positive metric ip 6 PSH(L) let P^ denote the projection 
operator on PSH(L) defined by 

P^<p := sup{V>' < mm{(j)^},iP' e PSH(L)}. 

We also let Pum be defined by 

P [0 ,0 := lim P^ +C (/) = sup{i/j' < (j), ~ V,^' G PSH(L)}. 

C — ► oo 

Clearly P^tp is monotone with respect to both ip and </>. Since min{</>, ip} is upper 
semicontinuous, it follows that the upper semicontinuous regularization of P^tfr is still 
less than mm{<j>, ip}, and thus P^<p S PSH(L). By this it follows that P^(P^,<p) = 
P$4>, i-e. that is indeed a projection operator on PSH(L). One also notes that the 
upper semicontinuous regularization of P\m</>, lies in PSH(L) and is bounded by <\>. 

Definition 4.4. The maximal envelope of cf> with respect to the singularity type [ip] is 
defined to be 

<P[i>) ~ (P[i,]<t>)*- 

Definition 4.5. If ip G PSH(L), then ip is said to be maximal with respect to a metric 
<p if ip < <p and furthermore tp — <j> a.e. with respect to M^4(?/>). Similarly, if A is a 
measurable set, we say that ip is maximal with respect to <f> on A if ip < $ and ip = <j> 
a.e. on ^4 with respect to MA( , 0). 

The terminology is justified by a proof below that the maximal envelope of a con- 
tinuous metric <p is maximal with respect to cp. Note that we do not know whether the 
maximal envelope <pw, is equivalent to ip. Therefore we cannot at this point use the 
method in the proof of Theorem 14. 21 in [6], so instead we will use an approximation 
argument. The reason for the use of the word maximal is motivated by the following 
property: 

Proposition 4.6. Let ip be maximal with respect to a metric <p. Suppose also that there 
exists a positive metric p, more singular than ip, with small unbounded locus and such 
that M A(p) dominates a volume form. Then for any ip' ~ ip with ip < <f> we have 

ip' < ip. 

Proof. Since ip' < <p the maximality assumption yields that ip' < ip a.e. with respect 
to MA(ip), so the proposition thus follows from the domination principle (Theorem 

m. □ 

The next two lemmas are the main steps in showing that maximal envelopes are 
maximal. 

Lemma 4.7. Let ipk be a sequence of positive metrics increasing a.e. to a positive 
metric ip, and assume that all ipk are maximal with respect to a fixed continuous metric 
(p on some plurifine open set O. Then ip is maximal with respect to <p on O. 
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Proof. Since <p was assumed to be continuous we have that tp < <p. For all k, 

bPk = fa c = fa 

and thus by the the maximality of tpk, we know loMA(tpk) is concentrated on {tp — 
fa. Since tp < <j> we have that = fa = {tp > fa, and since </> is continuous this is 
a closed set. Let C be a constant. The set O n {ipi > — C} is plurifinely open, so by 
Lemma [3l)l it follows that 

lol Wl >^c}M^) < liminf l l Wl> *_c}AM(Vfc). (14) 

It is easy to see that if /x^ is a sequence of measures all concentrated on a closed set A, 
and 

/i < lim inf 

in the weak sense, then /i is also concentrated on A. It thus follows from (fl4] > that 
lol{^, 1> 0_C'}MA(V>) is concentrated on {tp = <fi}. Since MA(tp) puts no mass on 
the pluripolar set {ipi — — oo} the lemma follows by letting C tend to infinity. □ 

Lemma 4.8. Let ip 6 PSH(L) and let <p be a continuous metric. Then the envelope 
P^(p is maximal with respect to <p on the plurifine open set {tp > fa. 

Proof. By definition P^(p < <P- Now let fa be a sequence of continuous metrics de- 
creasing pointwise to min{</>, ip}, so that fa < <p for all k and fa — <p on the set 
> fa. For example let 0^ :— min{0, where ^ is a sequence of smooth met- 
rics decreasing pointwise to ip. From Theorem l4.2l it follows that MA(Pfa) is concen- 
trated on {P(pk — 4>k}, and since fa — <p when tp > (p we get that l{.0 > 0}M^4(P0fc) 
is concentrated on {Pfa = 0}. Now Pcpk is decreasing in k and lim^oo P0fc < 
min{0, At the same time, for any k € N we clearly have that P^<p < Pcpk, which 
taken together means that 

lim Pfa = P^cp. 

k— ¥ 00 

Since Pfa < <p this implies that {Pfa = fa is decreasing in k and 

{P^fa=fa=f^{Pfa = fa. (15) 

fcez 

Let O denote the plurifine open set {tp > <p} n {P/j</> > (p — C}. By Lemma [331 we 
have that 

l o AfA(P v ,0) < liminf 1 MA(P4), 

> 00 

and thus we conclude that \oM A(P^fa is concentrated on {Pcpk = fa for any k, so 
by (l5[ we get that loMA(P i i > fa is concentrated on {P^(/> = fa. Since MA(P^,fa 
puts no mass on the pluripolar set {P^(p = —00}, letting C tend to infinity yields the 
lemma. □ 

Theorem 4.9. Let Tp G PSH(L) and let <p be a continuous metric. Then fa^] is 
maximal with respect to (p, i.e. <fiu,-\ = <p a.e. with respect to MA(<fiu,-\). 
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Proof. P\m4> = 4>[ii)} a - e -> an d since P^ + c4> increases to P[^]4>, it thus increases to 
a.e.. By Lemma |4~8"1 we get that P^, + c<p is maximal with respect to <p on the plurifine 
open set {ip > cp — C} and thus also on any set {ip > cp — C'} whenever C < C. From 
Lemma |4~7l it thus follows that cpu^ is maximal with respect to cp on the set {ip > <p~C{ 
for any C. Since MA(<py,i ) puts no mass on {ip = — 00} the theorem follows. □ 

Example 4.10. Consider the case that s is a section of rL that vanishes along a divisor 
D, and set ip = £ In |s| 2 . Then the maximal envelope (p^ is considered by Berman (5] 
Sec. 4], and equals 

sup{y <<P:ij/e PSH{L), v D {iP') > 1}* 

where denotes the Lelong number along D. This metric governs the Bergman 
kernel asymptotics of sections of kL for k ^> that vanish along the divisor D. The 
more general case when ip has analytic singularities is also considered in J5). 

The maximal property gives the following bounds on the energy functional which 
will be crucial for our construction of weak geodesies (Theorem l6.71 >. 

Proposition 4.11. Suppose that ip is maximal with respect to a positive metric <p with 
small unbounded locus, and let t > 0. Then we have that 

t[ MA(ip) < S(max{ip + 1, <p}, <p) < t [ MA(<P). (16) 
Jx Jx 

Proof. Since by assumption ip < we have that max{-0 + t, <p} < <p + t, so from the 
monotonicity of the Aubin-Mabuchi energy it follows that 

£(max{V> + t, cp}, <j>) <£(<p + t,(p)=t / MA(<p) 

Jx 

which gives the upper bound. For the lower bound, first choose an e with < e < t. 
Again by monotonicity, 

£ (ma,x{ip + t, <p}, (p) > £ (max{ip + t, <p}, max{V> + e, <p}). (17) 

Now clearly 

£(m&x{ip + t,cp},m&x{ip + 6,<p}) > (t - e) / MA(ip). (18) 

J{4>+e>4>} 

By the assumption that ip is maximal with respect to <p 

I MA(iP) = I MA{iP) 
J{V=0} Jx 

and since {ip — <p} C {ip + e > cp}, the combination of ( fT7T > and (fT8l yields 

f(max{V' + t, <p}, <p)>{t-e) / MA(ip). 

Jx 

Since e > was chosen arbitrarily the lower bound in ( TToT l follows. □ 
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5 Test curves and analytic test configurations 

Definition 5.1. A map A m> Va from R to PSH(L) is called a test curve if there is a 
constant C such that 

(i) ipx is equal to some locally bounded positive metric V>-oo for A < — C, 

(ii) ipx = — oo for A > C, 

(iii) ipx has small unbounded locus whenever ipx ^ — oo, and 
(iiii) ipx is concave in A. 

Observe also that since ipx is concave and constant for A sufficiently negative it is 
decreasing in A. 

Note that the set of test curves forms a convex set, by letting 

(5> 7 i)(A) :=^ 7l (A). 

It is also clear that any translate 7a (A) := 7 (A — a) of a test curve 7 is a new test curve. 
We introduce the notation A c for the critical value of a test curve defined as 

A c := inf{A : ipx = —00}. 

We record for later use two continuity properties of test curves. 

Lemma 5.2. 

1. A test curve ipx is left-continuous in Xfor A < A c . 

2. Suppose that A < A c and A& is a decreasing sequence that tends to A. Then 

(lim iPxJ* = iPx (19) 

k— yoo 

(so a a test curve is right continuous modulo taking an upper semicontinuous 
regularization). 

Proof. For (1), let A& increase to some A < A c , and we need to show that 

lim ip Xk = ipx- 

k—>oo 

By our hypothesis there exists a A' such that A < A' < A c , and thus ipx' ^ — 00. Since 
ipx{x) is concave in A it is continuous for all x such that ipx'{x) 7^ —00. Thus ipx k 
converges to tpx at least away from a pluripolar set, i.e. a.e. with respect to a volume 
form. On the other hand we have that ip\ k is decreasing in k, so the limit is a positive 
metric. Now if two positive metrics coincide a.e. with respect to a volume form it fol- 
lows that they are equal everywhere, because this is true locally for plurisubharmonic 
function. 

The proof of (2) is essentially the same. This time A^ is a decreasing sequence, so 
as A < A c we may as well assume that each A^ < A' and so in particular ipx k ^ —00. 
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Then the ip\ k form an increasing sequence so the left hand side of ( fT9b is a positive 
metric. But for the same reason as above, the limit limfc^oo ip\ k equals tp\ away from 
a pluripolar set, and thus the left and right hand side of (fT9T > agree a.e. with respect to 
a volume form, and thus are equal everywhere. □ 

Definition 5.3. A map 7 from R to Sing(L) is called an analytic test configuration if it 
is the composition of a test curve with the natural projection of PSH(L) to Sing(L). 

As with the set of test curves, the set of analytic test configurations is convex. We 
now extend the definition of the maximal envelope (Definition l4.4b to test curves. 

Definition 5.4. Let ip\ be a test curve and cf> an element in H (L) . The maximal envelope 
of (p with respect to ip\ is the map 

A ^ cj) X := <f>[^] = (Py, x] (/>)*. 

It is easy to see that <f>\ only depends on (j> and the analytic test configuration [<tp\] , 
since if ip' x ~ ip\ we trivially have <fi[^ x ] — 4>[4>' x ] - Observe also that since V'-oo is 
locally bounded, we have (f>\ = <j> for A < — C. 

Definition 5.5. We say that a test curve ip\ is maximal if for all A the metric ip\ is 
maximal with respect to ip-oo. 

Since ip\ is decreasing in A, 

{V>A' = ^a} 2 {ip\> = V>-oo} if A < A'. 

It follows that if ip\ is a maximal test curve, ip\/ is maximal with respect to ip\ when- 
ever A < A' . 

Proposition 5.6. The maximal envelope <p\ is a maximal test curve. 

Proof. We first show it is a test curve. Pick a real number C. Let A and A' be two real 
numbers, and let < t < 1. By the concavity of 

tP,p x+ c<j) + (1 - t)P^,+o<l> < tip x + (1 - t)^ v + C < Ax+a-t)x' + c - 
Thus from the definition of the projection operator, 

tP.^ x+C (t> + (1 - <)^ A ,+C0 < P^ x+ ^ )X ,+c4>, 

which means that P^ x+ c<t> is concave in A for all C. Since P^ A +c0 increases to 
P[tP x \ 4>, and an increasing sequence of concave functions is concave, we get that P[^ x ] 4> 
is concave, and because of the monotonicity of the upper semicontinuous regulariza- 
tion it follows that Pu, A i0* = <p\ also is concave. The other properties of a test curve 
are immediate. 

Clearly 0_oo = cj), so that <f>\ is maximal follows from Theorem |4.9l □ 
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6 The Legendre transform and geodesic rays 

If / is a convex function in the real variable A, the set of subderivatives of /, denoted 
by Af , is the set of t G M such that /(A) — t X is bounded from below. If / happens to 
be differentiable, then the set subderivatives coincides with the image of the derivative 
of /. By convexity of /, the set of subderivatives is convex, i.e. an interval. Recall that 
the Legendre transform of /, here denoted by /, is the function on Af , defined as 

f(t) :=sup{iA-/(A)}. 

A 

Since / is defined as the supremum of the linear functions tX — /(A), it follows that / 
is convex. 

If / is concave instead of convex, then of course — / is convex, and one can define 
the Legendre transform of /, also denoted by /, as the Legendre transform of — /, i.e. 

f(t) :=sup{/(A)+iA}, 

A 

which is thus convex. 

Definition 6.1. The Legendre transform of a test curve ip\, denoted by ip t , is given by 

i>t := (sup^A + tA})*, 

AeR 

where t E [0, oo). 

Recall that the * means that we are taking the upper semicontinuous regularization 
of the supremum. 

Lemma 6.2. Let ip\ be any test curve (not necessarily maximal). Then the Legendre 
transform ipt is locally bounded for all t, and the map t i-> ipt is a subgeodesic ray 
emanating from ip-oo. 

Proof. By assumption, for some A, ip\ is locally bounded, and trivially ip t > V'a + 
tX, thus t/jt is locally bounded. It is clear that for a fixed A, the curve ip\ + tX is a 
subgeodesic. Clearly sup AgR {f/>A + tX} is convex and Lipschitz in t, and the same 
is easily seen to hold for i\) t . Thus ijj t is upper semicontinuous in the X directions 
and Lipschitz in t, which implies that it is upper semicontinuous on the whole product 
space. Therefore ipt coincides with the use regularization on the product space of 
sup AeR {i/>A + tX}. Taking the upper semicontinuous regularization of the supremum 
of subgeodesics yields a subgeodesic, as long as it is bounded from above. We observed 
above that ip\ < ip-oo- Now for some constant C, tpc = — oo. It follows that tp t < 
ip-oo + tC, so it is bounded from above and thus it is a subgeodesic. 

Finally by definition ^ = ( su Pa (^a ) ) *, which clearly is equal to ip-oo since 
V'a < ip-oo (V'A being decreasing in A) and V>Ioo = ip-oo- □ 

One can also consider the inverse Legendre transform, going from subgeodesic rays 
to concave curves of positive metrics. 
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Definition 6.3. The Legendre transform of a subgeodesic ray (fit , t £ [0, oo), denoted 

by <fix, A £ K, is defined as 

(fix ■= inf {(fit - tX}. 
te[o,oo) 

It follows from Kiselman's minimum principle (see 11231 ) that for any A € R, (fix is 
a positive metric (we would like to thank Bo Berndtsson for this observation). Further- 
more it is clear that (fix is concave and decreasing in A. From the involution property of 
the (real) Legendre transform it follows that the Legendre transform of (fix is (fit , thus 
any subgeodesic ray is the Legendre transform of a concave curve of positive metrics. 

The goal of this section is to prove that if ifix is an maximal test curve then the Leg- 
endre transform ifi t of ifix is a weak geodesic ray emanating from V^-oo- By Lemma l6\2l 
we know ifi t is a subgeodesic ray emanating from ip-oo- What remains then is to show 
that if ifix is maximal then the Aubin-Mabuchi energy £(ip t ,ifio) is linear in t, which 
we now do with an approximation argument. 

For N £ N consider the approximation ifi^ to ifit , given by 

$ :=svL V {ifi k2 -N +tk2- N }. 

fcez 

Since ifix is concave it is continuous in A at all points such that ifix (x) > — oo. From the 
continuity it follows that tfif will increase pointwise to ifi t a.e. as TV tends to infinity. 
Also let ip^' M denote the curve 

W' M ■= sup {ifi k2 -N + tk2~ N }. 

kGZ,k<M 

Once again, tfif and ip^' M are all locally bounded. 
Lemma 6.4. Let M < M' be two integers. Then 

$' M ' =^ M >2-»+tM'2- N 

implies that 

^• M = ifi M 2-»+tM2- N . 
Proof. Certainly /(A) :— ifix{x) + tX is concave in A. If 

$? ,M > ip M2 -»+tM2- N 

at x, then / would be strictly decreasing at A = M2~ N , so by concavity we would get 
that f(M'2- N ) < f(M2~ N ) < $^ M (x), which would be a contradiction. □ 

Lemma 6.5. If ifix is a maximal test curve then 

t2- N f MA(ijj {M+1)2 - N ) < £(^ M+1 ,^- M ) < t2- N f MA{ifi M2 - N ). 
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Proof. By Lemma l6~4l it follows that ip t ' = 0A/2-™ + tM2 N on the support of 

£(W' M+1 ,W' M ) = £(max{V>Af2-«>(M+i)2-« + i2~ Ar » M2 -iv). (20) 

Since we assumed that ^ was maximal we get that iJj(m+i)2- n is maximal with re- 
spect to ipM2- N j an d thus the lemma follows immediately from Lemma l4.11l □ 

Let ip\ be a maximal test curve, and let F(X) denote the function 

F(X) := / MAtyx). 
J x 

Whenever A < A', ipy < ip\ and therefore it follows from Theorem l3.7l that F(X) is 
decreasing in A, hence F(X) is Riemann integrable. 

Proposition 6.6. If ip\ is a maximal test curve then 

= XdF(X). (21) 

J A— — oo 

Proof. Suppose first m G Z is such that -0™ = ^-ao- For a given TV g N set M = 
m2 N . Then 

By repeatedly using the cocycle property of the Aubin-Mabuchi energy in combi- 
nation with Lemma l6*31 we get that 

t 2~ N F((k + l)2~ N ) < E$?, $' M ) < t 2~ N F{k2- N ). (22) 

k>M k>M 

We noted above that ipf increases pointwise to if>t a - e - as N tends to infinity. By 
the continuity of the Aubin-Mabuchi energy under a.e. pointwise increasing sequences 

dm 

S(i> t ,i>o + tm) = t / XF(X)dX, 



since both the left- and the right-hand side of (1221 converges to this. Again using the 
cocycle property we get that 

£(V> t ,V>o) = £(V>t,V>o +tm) +£(0o +tm,tJjo) = 

= t / XF(X)dX +tm MA(ii- 00 )=t F{X)dX + tmF(m). (23) 

J X=m J X J A— m 

Since by our assumption the measure dF is zero on (— oo.m), integration by parts 
yields 



XdF(X) = -XF(X)\™ + t / F(X)dX = 

-oo J X—m 

{■ oc 

= tmF(m)+ / F(X)dX. (24) 

J A— m 

The proposition follows from combining equation (l23t and equation fl24l t. □ 
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Theorem 6.7. The Legendre transform ipf of a maximal test curve ?p\ is a weak 
geodesic ray emanating from V'-oo- 

Proof. That ip t is a subgeodesic emanating from f/'-oc was proved in Lemma \(x2\ Ac- 
cording to Proposition ^. 6l the energy E^t/i^o) is linear in t, and therefore by Lemma 
13. 1 ll we get that ipt is a geodesic ray. □ 

These weak geodesies are continuous in <j> in the following sense: 

Proposition 6.8. Let ip\ be a test curve and 4>, <j>' G T~L(L). Suppose (p\ is the maximal 
curve of <f> (with respect to ip\) and similarly for <f)' x . If — ^>'||tx, < C then 

\\4>t — 4>' t\\oo < C for all t. 

Proof. We claim that |0a — 0^ 1 1 oo < C for all A. But this is clear since (j> < <j>' implies 
that 4>\ < (f)' x for all A. It is also clear that (cj> + C)\ = cf>\ + C when C is a constant. 
Now we noted above that <\> < <f>' implies that <fi\ < (f>' x for all A, and so it follows that 
4>t < fit f° r a ^ We also noted that (<fr + C)\ = 4>\ + C when C is a constant, so 
consequently <\> + C f = cf> t + C which proves the lemma. □ 

Let [ipx] be an analytic test configuration, and let <fi\ be an associated maximal test 
curve. Then [cf>\\ defines a new analytic test configuration. This could possibly differ 
from but the following proposition tells us that the associated geodesic rays are 
the same. 

Proposition 6.9. Let <j)' £ 'H(L). Then the Legendre transform of <ft'^^ coincides with 
the Legendre transform of <j)' x := ■ 

Proof. Since 4>' x ~ <f>\ we get that </>u A i = 4»y^> p thus without loss of generality we 
can assume that <fr' = <fr. Recall that the critical value A c was defined as 

A c := inf{A : (f>\ = — oo}. 

If A < A c there exists a A' such that A < A' < A c , and thus by the assumption <fi\i 
has small unbounded locus. Let C be a constant less than A such that <fic — <t>- By 
concavity it follows that 

0A > r<f) + (1 - r)<fix>, 
where < r < 1, is chosen such that 

A = rC + (1 - r)A'. 

If we let 

p := rcj> + (1 - r)(f>y, 

by the multilinearity of the Monge- Ampere operator it follows that MA(p) dominates 
the volume form r n M A(<f). Furthermore p has small unbounded locus and is more 
singular than cf)\ . Thus by Proposition |4j6] we get that 
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for any constant C and therefore 

<t>[<p x ] = </>a, (25) 

whenever A < A c . If A > A c then clearly equation dZBl l holds as well since both sides 
are identically equal to minus infinity. It follows that for any e > 0, 

which implies that 

(<h) t < (^M) t < (fa^)t = (M t + £*• 
Since e > was arbitrary the proposition follows. □ 

7 Filtrations of the ring of sections 

First we recall what is meant by a filtration of a graded algebra. 

Definition 7.1. A filtration J 7 of a graded algebra (BkVk is a vector space-valued map 
from RxN, 

I: (t,k) .— ► T t V k , 

such that for any k, TtVk is a family of subspaces of Vk that is decreasing and left- 
continuous in t. 

In [9 1 Boucksom-Chen consider certain filtrations which behaves well with respect 
to the multiplicative structure of the algebra. They give the following definition. 

Definition 7.2. Let J 7 be a filtration of a graded algebra (BkVk- We shall say that 

(i) T is multiplicative if 

(F t V k ){F s V m ) C Ft+sVk+m 
for all k, m G N and s, t G R. 

(ii) J 7 is (linearly) bounded if there exists a constant C such that ^4 = Vfc an d 
-Ffcc^fe - {0} for all k. 

The goal in this section is to associate an analytic test configuration ^ to any 
bounded multiplicative filtration of the section ring R(L) = ®kH°(kL). 

Let 4> G H(L), and let dV be some smooth volume form on X with unit mass. This 
gives the L 2 -scalar product on H°(kL) by letting 

(MW := / S {z)t{z)e- k ^dV(z). 
J x 

For any A G R let {si,a} be an orthonormal basis for Fk\H a (kL) and define 

4>k,\ ■= \ ln CZl l s *. A l 2 )' 

which is a positive metric on L. 
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Lemma 7.3. For any X, the sequence of metrics 4>k,\ converges to a limit as k tends to 
infinity, and the use regularization of the limit 

<P\ (, lim <Pk,x)* 

is a positive metric. 
Proof. Since 

K\(z, w) := £ s i,x( z ) s i,x{ w ) 

i 

is a reproducing kernel of J 7 k\H°(kL) with respect to (•, as for the full Bergman 
kernel we have the following useful characterization 

£ Ka| 2 = sup{| S | 2 : s G F kX H°(kL), \\s\\^ < 1}. (26) 

Let llsll^j := sup 2eX {|s(z)| 2 e~ fe ^} and define 

F k>x (z) := sup{|s(z)| 2 : a G F kX H Q {kL), Wsf^ < 1}. 
We trivially have the upper bound 

^A(^)<e- fe0(z) . 

It follows that 

(ilni^)* = (su P {-j-ln| S | 2 : « G T kX H°{kL), < 1})* 

is a positive metric. Let A be fixed, pick a point z G X, and let for all k, s k G 
J-k X H a (kL) be such that Hs^H^ = 1 and 

Fk,\{z) = \s k (z)\ 2 . 

Since the product SkS m lies in F(k+ m ) X H°{{k + m)L) by the multiplicativity of J 7 , 

and ||sfcS m ||oo < HsfcHooHsmHoo, we get that 

F k+m , x {z) > F k , x (z)F m , x {z), (27) 
i.e. the map k \-} Fk yX (z) is supermultiplicative. The existence of a limit 

lim ~\nF k , X (z) 

thus follows from Fekete's lemma (see e.g. l38ll ). Since we assumed that dV had unit 
mass, we get that for any section s 

Ml* < IMlL 

and thus by equation (126)) 

£KaWI 2 >^,aM. 



7 FILTRATIONS OF THE RING OF SECTIONS 



27 



On the other hand, by the Bernstein-Markov property of any volume form dV we have 
that for any e > there exists a constant C t so that 

IWI^<C £ e efc || S || 2 fc0 , 

and thus 



\si,x(z)\ 2 <C e e ek F k , x (z), (28) 



(see ll38lD . It follows that the difference 4>k.\{z) — \ lnF fe A (z) tends to zero as k tends 
to infinity, thus the convergence of fa x follows. 

By the supermultiplicativity we get that for any fceN 

jlnFu.x < lim -InF^x = lim <f>i t \, 

K I— too I I— too 



and thus 

.1 



K I— >oo 

On the other hand, clearly 



{- lnF fc . A )* < (lim 0^)* =: . (29) 



lim ; .a <sup{(ilnF fe . A )*}, 



and it follows that 



if = (sup{(i In r,..M } i 



so ^f is indeed a positive metric. □ 

Remark 7.4. Since all volume forms dV on X are equivalent, the limit <p\ does not 
depend on the choice of volume form dV. 

Lemma 7.5. We have that 

4>k,\ < (t>x +e(k), 

where e(k) is a constant independent of X that tends to zero as k tends to infinity. 



Proof. By combining the inequalities ( 1281 1 and ( 1291 from the proof of the the previous 
lemma we get that for any e > there exists a constant C e independent of A such that 

^fe,A < #r + e+(l/fc)lnC 6 . 
This yields the lemma. □ 
Proposition 7.6. The map X n> <f>^ is a test curve. 

Proof. Let A be such that F k \H°(kL) = H a (kL) for all k. Then cf> ki x is the usual 
Bergman metric, and by the result on Bergman kernel asymptotics due to Bouche- 
Catlin-Tian-Zelditch (see Section[3]l we get that <f>k,\ converges to <f>. Trivially we see 
that if F k \H°(kL) = {0} for all k then <jy£ = — oo. By the boundedness of the 
filtration we thus have (fr£ — <j> for A < — C and = — oo for A > C. 
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By the multiplicativity of the filtration we get that 4>\ = — oo iff for all k, 

F kx H\kL) = {0}. 

Pick a A such that <p^ ^ — oo, then for some k, Fk\H°(kL) is non-trivial. From 
Lemma 1731 it follows that (/>■[ has small unbounded locus since <fik,\ has small un- 
bounded locus. 

It remains to prove concavity. Let Ai , A2 eM and let t be a rational point in the unit 
interval. Let m be a natural number such that mi is an integer. Given a point z E X, let 

■si € J r k\ 1 H°(kL) ands 2 € Tkx 2 H°(kL) be two sections with ||si||oo = ||«2||oo = 1 
such that 

FkM = \ Sl (z)\ 2 

and 

F k ,x 2 = \s 2 (z)\ 2 . 
By the multiplicativity of the filtration we have that 

S 1 s 2 G ^ m fc(tAi+(l-t)A 3 )-" {TTIKL), 

and trivially | |s^ f s^ l(1 ~* ) 1 1^ < 1. It follows that 

F mkMlH ^ t) x 2 (z) > F^z^F^izr^. 
Taking the logarithm on both sides, dividing by mk, and taking the limit yields that 

0f Al+(1 _ t)A2 > + (1 - t)0r 2 oo) 

except possibly on the pluripolar set where the limits are not equal to their upper semi- 
continuous regularization. But it is easily seen that if a positive metric is larger than or 
equal to another except on a pluripolar set then it is in fact larger than or equal on the 
whole space. Thus we get that (f30b holds on the whole of X. Recall that t was assumed 
to be rational. If Ai < A2, the left-hand side of d30b is decreasing in t since clearly (f)^ 
is decreasing in A. The right-hand side of (f30b is continuous in t, so it follows that the 
equation ( f30b holds for all t £ (0, 1), i.e. (j>f is concave in A. □ 

Lemma 7.7. For any two <fi,ip £ FL(L) and any A £ K we have (f>^ ~ tp^ . 

Proof. Assume that 4> < tp, then it is immediate that for all k and A we have that 
4>k,\ < ipk, a, and we thus get that <f)^ < iff. Also it is clear that {(j)+C)k,\ — <j>k,\+C. 
When combining these two facts we get the lemma. □ 

Definition 7.8. We call the map A h-> [cf>^} the analytic test configuration associated 
to the filtration JF. 

So by the previous lemma this analytic test configuration depends only on T and 
not on the choice of G FL(L). Our next goal is to show the curve is maximal for 
A < A c , for which we will need a Skoda-type division theorem. 
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Theorem 7.9. Let L be an ample line bundle. Assume that L has a smooth positive 
metric </> with the property that dd c (j) > dd c 4>K x for some smooth metric 4>K X on me 
canonical bundle Kx- Let {s^} be a finite collection of holomorphic sections of L and 
m > n + 2 where n = dim X. 

Suppose s is a section ofmL such that 

si 2 

dV < oo. 



x(E\si\ 2 ) m 



Then there exists sections h a € H (in + such that 

a 

where a is a multiindex a — (atf) with J^. a; = m — n — 1, and s a are the monomials 

: ii,-;' . 

Proof. Let k be an integer such that n + 2 < k < m. Then given a section t 6 H°(kL) 
with 

|i| 2 



-dV < oo 



/* (Eikil 2 ) fc 

an application of the Skoda division theorem 071 Thm. 2.1] yields sections {ii} of 
(k — 1)L such that t = J2i anc l 

M 2 



(To apply the cited theorem replace F, E, ip, r\ with kL — Kx, L, kef) — 4>k x > respec- 
tively and replace aq with k — 1 > n + 1.) 

Now we first apply the above with fc = m to the section s, and then apply again 
with k = m — 1 to each of the sections ti. Repeating this process with k — m,m — 
1, . . . , n + 2 we see that s can be written as a linear sum of monomials in the Sj as 
required. □ 

Proposition 7.10. For A less than the critical value X c we have that 

<t>\ = 1™ 

Proof. Let0fc := (f>k,-oo, i- e - the Bergman metric l/fcln(^ Si| 2 ), where {s^} is anor- 
thonormal basis for the whole space H°(kL) with respect to (•, -)k<t>- By the Bernstein- 
Markov property of any volume form dV (see e.g. [38]), or simply the maximum prin- 
ciple, we get that 

4>k < <t> + e k , (31) 

where e k tends to zero as k tends to infinity. Since <f>k,\ is decreasing in A, the inequality 
OUi still holds when cf>k is replaced by c^a, i-e- <f>k,\ — £fe < </>■ Therefore — e k 
belongs to the class of metrics the supremum of which yields P^ k A ] <j>, and thus clearly 



7 FILTRATIONS OF THE RING OF SECTIONS 



30 



Letting k tend to infinity yields 

< ( lim p [4>k ^y. 

For the other inequality it is enough to show that for any constant C, 

P 0fe , x+ c0<0f. (32) 

By the assumption that A < A c we have that ^ — oo. Let ip be a positive metric 
dominated by both cj>k,\ + C and 0, where k is large enough so that kL fulfills the 
requirements of Theorem l7.9l We denote by J {kip) the multiplier ideal sheaf of germs 
of holomorphic functions locally integrable against e~ k ^ . Let {si} be an orthonormal 
basis of H°(kL J(kij))), and denote by ipk the Bergman metric 

By Theorem l3.2l we have that 

ip <i>k + 5 k 

where S k tends to zero as k tends to infinity, and ipk converges pointwise to ip. If s lies 
in H°(kL <g> J (kip)), specifically we must have that 

r \s\ 2 

/ 1 dV <oo, 

Jx l^\ s i,\\ 

since we assumed that ip was dominated by <pk,\ + C = l/feln(J] | s^, a | 2 ) + C. Simi- 
larly if s lies in H°(kmL <E> J(kmip)) we have 

r \s\ 2 

/ 1 „, dV < oo. 

Jx (EI^,A| 2 ) m 

From Theorem 17 . 91 applied to the sections {s^a} it thus follows that 

s = ^2h a s a , 

where h a £ H°(k(n + 1)L), and the s a are monomials in the {s^a} of degree m — n — 
1. Because of the multiplicativity of the filtration each s a lies in J 7 k(m-n-i)\H c '(k(m— 
n — 1)L), and by the boundedness of the filtration we also have that each h a lies in 
F_ k ( n +i)c H° (k(n + 1)L) for some fixed constant C. We thus get that H a (kmL ® 
J(kmip)) is contained in 

(f-fefu+Dcff^^ + l)i))(J- fc(m _„_i)A J ff°(fc(m - n - 1)L)) 

C J 7 k{m-n-l)\-k(n+l)cH°(kmL). (33) 

Since we assumed that ip < </> we have that is less than or equal to the Bergman 
metric using an orthonormal basis for H° \kmL® J (kmip)) with respect to (p. Because 
of d33l this Bergman metric is certainly less than or equal to <pkm,\' i where 

A' := -!-(fc(m - n - 1)A - k(n + 1)C). 
km 
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Hence 

On the other hand, by Lemma l731 we have that 

0fcm,A' < <Py + e(km), 

where e(fcm) is a constant independent of A' that tends to zero as km tends to infinity. 
Since A' tends to A as to tends to infinity we get that tp < liniA'^A <f>\/, and thus by 
Lemma l572l -ji; < <jr£ . Taking the supremum over all such ip completes the proof. □ 

Corollary 7.11. The test curve 4>\ is maximal for A < A c and its Legendre transform 
is a geodesic ray. 

Proof. Theorem 14. 91 tells us that (f)^ k A ] is maximal with respect to <f> = </>_oo- By 
Lemma |4~71 it follows that this is true for the limit (jr^ = lim^oo <f>[ < p k A j as well. Let 
4>\ be the test curve defined by <j> x := <t>\ for A < A c and (j>\ = — oo for A > A c . Then 
we get that <j>\ is a maximal test curve, thus its Legendre transform is a geodesic ray. 
On the other hand, for every e > we have that 

and therefore 

$t < {<F) t <& + ft. 
Since e was arbitrary we get that the Legendre transform of <f>^ coincides with that of 
cf>\ , and thus it is a geodesic ray. □ 

Remark 7.12. Given an analytic test configuration [ip\] there is a naturally associated 
filtration T of the section ring, defined as 

T kx H°(kL) := H°(kL <g> J(k^ x )). 

This filtration is bounded, but in general not multiplicative. 

8 Filtrations associated to algebraic test configurations 

We recall briefly Donaldson's definition of a test configurations fl20ll2D . In order to 
not confuse them with the our analytic test configurations, we will in this article refer 
to them as algebraic test configuration. 

Definition 8.1. An algebraic test configuration T for an ample line bundle L over X 
consists of: 

(i) a scheme X with a C x -action p, 

(ii) a C x -equivariant line bundle C over X, 

(iii) and a flat C x -equivariant projection it : X —> C where C x acts on C by 
multiplication, such that C is relatively ample, and such that if we denote by 
X\ := 7r _1 (l), then C\x t X\ is isomorphic to rL —> X for some r > 0. 
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By rescaling we can without loss of generality assume that r = 1 in the definition. 
An algebraic test configuration is called a product test configuration if there is a fr- 
action p' on L —> X such that C — L x C with p acting on L by p' and on C by 
multiplication. An algebraic test configuration is called trivial if it is a product test 
configuration with the action p' being the trivial C x -action. 

Since the zero-fiber Xq := 7r _1 (0) is invariant under the action p, we get an in- 
duced action on the space H°(kLo), also denoted by p, where we have denoted the 
restriction of C to Xq by Lq. Specifically, we let p(r) act on a section s £ H°(kLo) 
by 

(p(T)( S ))(ar):=p(T)( S (p- 1 (r)(ar))). (34) 

By standard theory any vector space V with a C x -action can be split into weight spaces 
V\i on which p(r) acts as multiplication by r Ai , (see e.g. Il20l ). The numbers Ai with 
non-trivial weight spaces are called the weights of the action. Thus we may write 

H°(kL ) as 

H°(kL ) = (BxVx 

with respect to the induced action p. 

In 11271 Lem. 4] Phong-Sturm give the following linear bound on the absolute value 
of the weights. 

Lemma 8.2. Given a test configuration there is a constant C such that 

\K\<Ck 

whenever dim V^ 4 > 0. 

In 11391 the second author showed how to get an associated filtration T of the section 
ring (BkH°(kL) given a test configuration T of L which we now recall. 

First note that the C x -action p on C via the equation d34l ) gives rise to an induced 
action on H°(X,kC) as well as H°(X \ Xo,kC), since X \ Xq is invariant. Let 
s 6 H°(kL) be a holomorphic section. Then using the C x -action p we get a canonical 
extension s £ H°(X \ Xq, kC) which is invariant under the action p, simply by letting 

s(p(r)x) := p(r)s(x) (35) 

for any r G C x and x 6 X. 

We identify the coordinate z with the projection function ir(x), and we also con- 
sider it as a section of the trivial bundle over X . Exactly as for H°(X, kC), p gives rise 
to an induced action on sections of the trivial bundle, using the same formula d34l ). We 
get that 

(p(r)z)(x) = P {t){z{p-\t)x) - pir^r-'zix)) = t^x), (36) 

where we used that p acts on the trivial bundle by multiplication on the ^-coordinate. 
Thus 

P (t)z = T~ 1 Z, 

which shows that the section z has weight —1. 

By this it follows that for any section s 6 H°(kL) and any integer A, we get a 
section z~ x s £ H°(X \ Xq, kC), which has weight A. 
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Lemma 8.3. For any section s G H°(kL) and any integer A the section z x s extends 
to a meromorphic section of kC over the whole of X, which we also will denote by 
z~ x s. 

Proof. It is equivalent to saying that for any section s there exists an integer A such 
that z x s extends to a holomorphic section S G H°(X, kC). By flatness, which was 
assumed in the definition of a test configuration, the direct image bundle 7r„X is in fact 
a vector bundle over C. Thus it is trivial, since any vector bundle over C is trivial. 
Therefore there exists a global section S' G H°(X, kC) such that s — S'^ x . On the 
other hand, as for H°(kLo), H°(X, kC) may be decomposed as a direct sum of invari- 
ant subspaces Wy such that p(r) restricted to Wy acts as multiplication by r A . Let 
us write 

S' = J2 s 'x>, (37) 
where Sy G Wy ■ Restricting the equation ( TTTb to X gives a decomposition of s. 

where s\> := S' X n x . From (|33T > and the fact that S' x , lies in Wy we get that for x G X 
and r G C x we have that 

- S y{p{r){x)) = p{r){sy{x)) = p(r)(S'y(x)) = (p(r)S'y)(p(r)(x))) = 

= r y S'y(p(r)(x)), 

and therefore sy — r A S' x , . Since trivially 

s = sy 

it follows that t x s extends holomorphically as long as A > max — A'. □ 

Definition 8.4. Given a test configuration T we define a vector space-valued map T 
from ZxNby letting 

(A, k) i — > {s G H°(kL) : z- x s G H°(X, kC)} =: J 7 \H°(kL). 

It is immediate that F\ is decreasing since H°(X, kC) is a C[z]-module. We can 
extend J 7 to a filtration by letting 

J 7 \H a (kL) :=T {x] H (kL) 

for non-integers A, thus making T left-continuous. Since 

Z -( X+X ')JP = ( z - x s)( Z - x ' s') G H°(X, kC)H°(X, mC) C H°(X, (k + m)C) 

whenever s G J-\H°(kL) and s' G J-yH®(kL), we see that 

(T x H°(kL))(TyH°(m,L)) C T x+ yH°((k + m)L), 

i.e. J 7 is multiplicative. 

Recall that we had the decomposition of H°(kLo) into weight spaces V\. 
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Lemma 8.5. For each A, we have that 

dim F x H°(kL) = dimVy. 

\'>\ 

Proof. We have the following isomorphism: 

(7r„A:/:)| {0} = H°(X, kC)/zH°{X, kC), 

the right-to-left arrow being given by the restriction map, see e.g. [ 30 1 . Also, for k 3> 0, 
(7r*/c£)|{o} = H°(kLo), therefore we get that for large k 

H°(kL ) Si H°(X, kC)/zH°(X, kC), (38) 

We also had a decomposition of H°(X, kC) into the sum of its invariant weight spaces 
W\. By Lemma [831 it is clear that a section S G H°(X, kC) lies in W\ if and only if 
it can be written as z~ x s for some s G H°(kL), in fact we have that s = S\x- Thus 
we get that 

W x =F x H Q {kL), 
and by the isomorphism ( f38l > then 

V x = TxH Q {kL)/Tx+iH°(kL). 

Thus we get 

dimTxH Q {kL) = Y dimV x >. (39) 

\'>\ 

□ 

Using Lemma [831 together with Lemma [8~l2l shows that the filtration T is bounded. 

9 The geodesic rays of Phong and Sturm 

In ll27l Phong-Sturm show how to construct a weak geodesic ray, starting with a 
4> G FL(L) and an algebraic test configuration T (see also [35] for how this works 
in the toric setting). In the previous section we showed how to associate an analytic 
test configuration [<jr£] to an algebraic test configuration, and thus get a weak geodesic 
using the Legendre transform of its maximal envelope. Recall by Proposition 16.91 this 
geodesic is the same as the Legendre transform of the original test curve <jr£. The goal 
in this section is to prove that this ray coincides with the one constructed by Phong- 
Sturm. 

To describe what we aim to show, recall that if V is a vector space with a scalar 
product, and J 7 is a filtration of V, there is a unique decomposition of V into a direct 
sum of mutually orthogonal subspaces V\ t such that 
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Furthermore we allow for Ai to be equal to Xj even when i ^ j, so we can assume that 
all the subspaces V\ i are one dimensional. This additional decomposition is of course 
not unique, but it will not matter in what follows. 

Let <f> £ W(L) and H°(kL) — ®V\ ( be the decomposition of H°(kL) with respect 
to the scalar product (•, coming from the volume form (dd c 4>) n . Consider next the 
filtration coming from an algebraic test configuration (note that then the collection of 
\i will depend also on k but we omit that from our notation) and define the normalized 
weights to be 

Al - k ' 



which form a bounded family by Lemma [8^21 

Now if Si is a vector of unit length in V> i , then {sj} will be an orthonormal basis 
for H°(kL). Since the filtration T encodes the C*-action on H°(kC) it is easy to see 
that the basis {si} is the same one as in [27, Lem 7]. In terms of the notation in the 
previous sections we have 

4>k,x = Y] N 2 and = ( lim ^,a)*- 

1 — ' fc— too 

Xi>kX 

Definition 9.1. Let 

$ fe (<) :=Iln(^e tA -| Sl | 2 ) 

i 

The Phong-Sturm ray is the limit 

$(*):= lim (sup$i(t))*. (40) 

Our goal is the following: 

Theorem 9.2. Let be the analytic test configuration associated to the filtration T 
from a test configuration. Then 

m = {jn v 

In particular, the results from the previous section thus yield another proof of [27, 
Thm 1] which says that is a weak geodesic ray emanating from <j>. 

Lemma 9.3. 

$(t) = lim (sup$/(i))* = lim (supmax{^ x . + t\i})* . (41) 

Proof. Our proof will be based on the elementary fact that if {a;,, : i E //} is a set of 
real numbers then 

maxajj < -ln^ e laii < maxa/ l + -ln|/;(. (42) 

feij 
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Now pick x G X and t > 0. Let 

a;,j := y In |si(a:)| 2 + t\ 
and 7; be the indexing set for the A^. Then 7; | = 0(l n ) and 



Thus by (03 



Now set 



max{a M } < < max{a M } + JM. (43) 

i it 



i 



For fixed i, pick any jo such that 



max \ Sj (x)\ =\s jo \ and A io > A 4 . 



Then 

1, , |T|I „ T 1, „ - rn|7;| m|7, 
k,i < y ln(|/ z | \s j0 1 2 + tXi < - In |s, 1 2 + tX jo + — p = a j0iJ + 

Clearly a;.; < 6/,j for all i, so we in fact have 

In 17/ 1 

ma,x{a Li \ < max{t>;. 4 } < max{a u } H — , 

i i t 

which combined with d43l yields 

ln \Ii\ , , , ln 17; 

max{6j,i} ^ < Sj(t) < max{& M } 1 



t it 

Now taking the supremum over alH > k followed by the upper semicontinuous regu- 
larization and then the limit as k tends to infinity gives the result since k^ 1 In |7fe | tends 
to zero. □ 

Lemma 9.4. Suppose that the test configuration J- is non-trivial. Then there exists a 
5 > such that every point in the interval (A c — 5, X c ) is a limit of some sequence of 
normalized weights Xi as k tends to infinity. 

Proof. If Xi is a normalized weight, clearly <f> k ^ ^ — oo. Thus e.g. by Lemma l731 we 
get an upper bound on the normalized weights 

Xi < X c . 

On the other hand, since for any 6 > we have that 4>~[ g ^ ^ +5 there must exist 
normalized weights arbitrarily close to A c . It follows that A c equals the supremum of 
the normalized weights. 
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We rely on a construction of the second author [39| called the concave transform 
of a test configuration. This is a concave, hence continuous, function g on an open 
convex subset A C K™ (the interior of the Okounkov body of L) with three important 
properties: first any value of g is the limit of some sequence of normalized weights A,; 
with k tending to infinity, second, the supremum of g is equal to the supremum of the 
normalized weights, i.e A c , and third, for any p, 

^E X ? = ^ P ^ + 0(l/fc), (44) 

where dx denotes the Lebesgue measure. 
Now set 

Following Donaldson [21 1 we can write 

±Yl&i-^) 2 = N 2 + 0(l/k), 

i 

where TV > with equality if and only if the test configuration is trivial. We also have 
that 

I±= V0 l(A) + 0(l/k) 

(see (39|) so by 04) we get 

i r ^(A l -A fc ) 2 - J A (g-g) 2 dx + 0(l/k), 

™ hers 9--=^Ajj A gdx. 

Suppose now that the test configuration is non-trivial, so the above implies g is not 
constant. The supremum of g is equal to A c , and from the continuity of g it follows that 
the image of g contains some interval (A c — S, A c ) with S > 0. Since any value of g is 
the limit of some sequence of normalized weights, the lemma follows. □ 

Proof of Theorem \9.2\ From Lemma l731 we know that there is a constant e(l) such that 

(f>L\ z +t\ < <pf. +tXi + e(l), 

where e(Z) is independent of Ai and tends to zero as / tends to infinity. Thus we certainly 
have 

max{0; i. + t\i] < sup{^ + t\} + e(l), 

» ' * A 

and so 

(sup max { c5 ; , +tAj})* < ((^) t + supe(/). 
;>fc 1 i>k 

Hence taking the limit as k tends to infinity and using Lemma |931 gives 
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For the opposite inequality, suppose first that <j)^ = <fi for A < A c and = — oo 
for A > A c . Then, as is easy to check 



)t = (f> + tX c 



If the test configuration is non-trivial then Lemma l9T4l provides a 5 > such that every 
point in (A c — S, A c ) is a limit of some normalized weights as k tends to infinity. So 
picking < 8' < S there is a sequence i(k) such that X^k) G (A c — 6', X c — S'/2) for 
k > ko, which implies 

(supmax{0 z iX . + t\i})* > <j> kj x . + ^i(k) > <S>k,\ c -5< /2 + - £'). 
Thus taking the limit as A: tends to infinity gives 

*(t) > C-5'/2 + ^ - = ^ + ^ - *')> 

and since 5' was arbitrary we thus have 

> + fA c = (^) t 

which completes the proof in this case. 

If the test configuration is trivial then there is a constant r\ with A, = krj for all i, so 

$,(*) = ylog(5> ! "N) = +7?. 

Now by standard properties of Bergman kernel asymptotics, (sup ;>fe con- 
verges to (/> as k tends to infinity, which gives the result in the trivial case. 
Thus we now may assume that there is a A' < A c such that <f> ^ <j)y . Set 

T) = sup{A : <f>% = <{>} 

so, by assumption, rj is strictly less than A c . 

Consider first A such that <j)^ ^ <j> and (jr£ ^ oo. Then for any 8 > there are, for 
arbitrarily large k, normalized weights Aj(fc) in (A — 8, A), since otherwise we would 
have 4>xs ~ 't'x ■ which is impossible by concavity of . Thus we have for k > ko, 

supmax{0 ijAi + tX} > (f> kt \ (x) + tXi(k) > (f>k,\(x) +t(X - 6). 
i>k 1 

So arguing just as above 

$(t) > <fi + tX if <ft ± <f>, and <ft ± oo, (45) 

and in particular 

> (sup{0f + tX})*. 

Now if A is such that <jr^ = <f> then using the right continuity part of Lemma lBT2l 

(j% + tX = <f> + tX = ( sup })* + tX < ( sup {0f + <A'})* < $(t), 

A'>>; A'>i) 

which along with ((45) completes the proof. □ 
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Remark 9.5. Phong-Sturm prove in [27| that the geodesic ray one gets from a non- 
trivial test configuration is never of the form <f> + trj with 77 constant. Thus from the 
above we see that the test configuration is trivial iff the associated analytic test config- 
uration is trivial, i.e. if there exists a number A c such that <f>\ = <fi when A < A c and 
(fix = —00 when A > A c . 
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